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ABSTRACT 
A deterministic two-loci  model  was  developed  to predict  genetic  response  to  marker-assisted  selection 
( M A S )  in one  generation  and  in  multiple  generations.  Formulas were  derived  to  relate linkage disequilib 
rium in a population to  the  proportion of additive genetic  variance  used by M A S ,  and in turn to an 
extra improvement in genetic response over phenotypic selection. Predictions of the response were 
compared to  those  predicted by using  an  infinite-loci  model  and  the  factors  affecting  efficiency of MAS 
were examined.  Theoretical analyses  of the  present study  revealed  the  nonlinearity  between  the  selection 
intensity  and  genetic  response  in MAS. In addition to  the  heritability of the  trait  and  the  proportion of 
the  marker-associated  genetic  variance,  the  frequencies of the selectively  favorable  alleles at the two loci, 
one  marker  and  one  quantitative  trait  locus, were found to play an important  role in determining  both 
the short- and long-term efficiencies of M A S .  The evolution of linkage disequilibrium and thus the 
genetic response over several generations were predicted theoretically and examined by simulation. 
MAS dissipated the disequilibrium more quickly than drift alone. In some cases studied, the rate of 
dissipation was as large as that to be expected  in  the  circumstance  where  the  true  recombination  fraction 
was increased by three times and  selection was absent. 
S EVERAL statistical models have been developed to investigate the efficiency of marker-assisted selec- 
tion ( M A S )  for  the improvement of a quantitative trait. 
In  an  attempt  to analyze the effects of 10 blood loci on 
the milk production traits in  a dairy cattle population, 
NEIMANN-SORENSEN and ROBERTSON ( 1961 ) first devel- 
oped a statistical method to assess the genetic effects 
associated with known marker loci. A fundamental mea- 
sure established for  such assessment in their article is 
the additive genetic variance explained by the  marker 
loci. The study assumed a  direct  influence of the  marker 
gene on the trait. This was also assumed by SMITH 
(1967) who investigated the potential of MAS in a 
range of  livestock selection schemes. The study showed 
that  the  extra  improvement  in  genetic response from 
MAS relative to  the genetic response from phenotypic 
selection ( i .e . ,  termed here the relative efficiency of 
M A S )  of the selection schemes increased as the  propor- 
tion of additive genetic variance explained by the 
marker increases and  the heritability of the trait under 
selection decreases. 
LANDE and THOMPSON (1990) have recently estab- 
lished a general framework for  the relative efficiency 
of MAS schemes over the corresponding phenotypic 
selection schemes for  a single generation.  In this study 
markers were not assumed to have a direct effect on  the 
trait. Their formulas again indicated that the relative 
efficiency  of MAS under various circumstances was de- 
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termined by the  proportion of the additive genetic vari- 
ance in the trait explained by the markers and  the heri- 
tability  of the trait. These results were  mainly derived 
from the infinite-loci model using linear statistical mod- 
els commonly used in the classical selection index the- 
ory ( HAZEL 1943; FALCONER 1989) with large sample 
size assumptions. The infinite-loci model  in LANDE and 
THOMPSON (1990) considered the quantitative traits 
that  are additively influenced by numerous genes. Com- 
puter simulation studies by ZHANG and SMITH ( 1992) 
and GIMELFARB and LANDE ( 1994)  confirmed  that use 
of MAS could be  more efficient in improving selection 
response than the corresponding phenotypic selection 
schemes and investigated factors affecting the efficiency 
of MAS. These studies provided a  more realistic assess- 
ment  for practice of MAS and showed that LANDE and 
THOMPSON had overestimated the  potential. 
It has been clear from these studies that MAS could 
be useful in improving selection response for  a  quantita- 
tive trait with very low heritability provided that the 
marker loci explain a substantial proportion of additive 
genetic variance of the quantitative trait under selec- 
tion.  Furthermore, when a quantitative trait has a low 
heritability, the effect of each underlying individual 
quantitative trait locus (QTL) must be very small in 
relation  to  the  phenotypic  standard deviation and even 
a selectively advantageous allele at  the QTL could be 
lost due  to  random genetic  drift  in  populations with a 
finite size. The use  of MAS may thus  be advantageous 
in  reducing the  random loss and increasing the fixation 
probability of the selectively favored allele. Neverthe- 
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TABLE 1 
Selection model of a quantitative trait locus by use of a genetic marker 
s, (or s .~ )  and h, (or b), selection coefficient and  degree of dominance in the selection coefficient at the marker locus (or  at 
the  QTL), respectively; p,  and Q (or R,) ,  frequency of marker allele M and  proportion of allele A at  the QTL among chromosomes 
carrying the  marker allele M (or m). 
less, it remains unclear how the  proportion of the addi- 
tive genetic variance in the trait explained by the 
marker loci  evolves  with  successive generations of  selec- 
tion. This will determine the overall effectiveness of 
such uses  of markers. 
In this article, a  population  genetic  model of MAS is 
developed for  a single marker and QTL and  the factors 
involved in the  model  are  examined for their effect on 
the efficiency of MAS in the  short  and long  term, with 
particular emphasis on change of linkage disequilib- 
rium between the  marker and QTL using MAS. 
MODEL 
For simplicity, a  random-mating  diploid  population 
is assumed with an effective  size Ne and nonoverlapping 
generations. Two autosomal loci are assumed: one addi- 
tively  affects a quantitative trait (QTL) while the  other 
is a  codominant  marker  that has no direct effect on  the 
trait. The two loci may be linked with a  recombination 
frequency of T (  0 5 r 0.5), which is the same for 
both sexes. The two alleles are  denoted by M and rn at 
the marker locus and by A and a at the QTL. The 
phenotype of the trait ( 2 )  is assumed to have a residual 
variance a: and to have an initial phenotypic variance 
of 1. The residual variance may be considered as an 
overall variation comprising genetic variation caused 
from segregation of  QTLs that  are  in linkage equilib- 
rium with the  marker as  well  as a  component of environ- 
mental variation. The phenotype was assumed to be 
normally distributed  although this was only necessary 
where stated. The QTL is assumed to affect the trait 
additively and the difference in genotypic value be- 
tween the two homozygotes at  the QTL is 2 d. The fre- 
quencies of M and A at  generation t before selection 
are  denoted by p,  and qt, respectively. 
The population  genetic  model  for selection on  both 
the  marker and QTL is shown in Table 1. The selective 
advantages of the two loci were assumed to combine 
additively as described in KIMURA and OHTA (1971 ) 
and  the fitness of an individual in  the  population  before 
selection was assumed to be entirely determined by its 
genotype  at  the two loci. In Table 1, sl and h, are selec- 
tion coefficient and  degree of dominance in the selec- 
tion coefficient at  the  marker locus while s, and h2 are 
the corresponding selection parameters  at  the QTL; Q 
(or Rt) is the frequency of allele A at  the QTL among 
chromosomes carrying M (or r n )  ; J j  represents fre- 
quency of the  ith genotype at  the  marker locus ( i = 1, 
2, 3 referring to genotype M M ,  Mrn and rnrn, respec- 
tively) and the j th genotype at the QTL ( j  = 1, 2, 3 
corresponding to genotype AA, Aa and aa)  . 
Using the model of two-loci selection discussed by 
EWENS (1979), the  increments  in  the  frequencies due 
to selection at generation t are shown, with p,  and qt 
> 0: 
q t (1  - q t )  [1 - q t  - (1 - 2%) h21 s:! 
+ P,( l  - p, )  [1 - p, - (1 - 2pL)hI 
1 - (1 - pt ) [ l  - (1 - 2h,)pt]s, 
- (1 - ql)[l - (1 - 2h2)q,ls2 
R,(1 - - q, - ( 1  - 2qOhls.L 
x ( Q  - & ) S I  (1.3) 
A& = + r(1 - hsl - h2s2)P,(Q - &) (1.4) 
1 - [1 - (1 - h)p,ls1 - ( ( 1  - Rt) 
x (1 - q / )  + [ q , +  - 2 q t ) l h I *  
The term D, = p,( 1 - p, )  ( Q1 - &) represents linkage 
disequilibrium between the  marker locus and  the QTL 
at generation t. D, is the covariance at generation t 
between the variates X ,  and X,; where X ,  = 1 or 0 
depending  upon whether M is present  or absent on a 
randomly chosen chromosome and X, is similarly de- 
fined. 
It is clear from Equation 1.3 that  change in the allelic 
frequency at  the QTL can be partitioned  into two parts: 
the first due to direct selection at  the QTL with a selec- 
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tion intensity described by h2 and +, and the second 
due to the effect of selection at  the  marker locus deter- 
mined by hl and s1 mediated by ( - Rt) . A sufficient 
condition  for  the  second term to  be  nonzero is that  the 
marker and the QTL are in linkage disequilibrium. The 
system  of Equations 1 has only 3 d.f. since a  dependency 
exists in that q, = p t Q  + (1 - 9,) R,. 
ANAL'kTICAL METHODS 
In the present study with the simplified model of 
QTL and marker locus, response to MAS and trunca- 
tion selection for the quantitative trait can be measured 
by the increase in the frequency of the allele A at the 
QTL, since E (  AZ) = 2 d A q .  A deterministic model is 
developed to model the dynamics of the linkage dis- 
equilibrium under recombination and selection, which 
is necessary for evaluating the response to  continuous 
MAS. Second,  a framework is given for  the comparison 
of the two-loci model with the  methods of LANDE and 
THOMPSON (1990) based on the infinite-loci model. 
Finally, a simulation model was set up to examine the 
validity  of approximations made in the theoretical anal- 
yses. 
Deterministic  model: Equations 1.1 - 1.4 are used to 
provide the  joint evolution of p ,  q ,  Q and R over time 
for an infinite population. Analytical solutions to this 
group of differential equations  are difficult because of 
their nonlinearity, but numerical solutions can be o b  
tained iteratively using the initial allelic frequencies at 
the  marker ( p , , )  and  the QTL ( qo)  , and Q since 8 = 
( qo - &Q) (1 - Po)-', and from these Dl(  t = 0,  1, 
2 * * * ) can be evaluated in a recursive fashion. It should 
be  noted  that Do will be only a  function of recombina- 
tion rate between the two loci and population size if 
the disequilibrium is created entirely from hybridiza- 
tion between two inbred lines as showed in the AP- 
PENDIX. 
It was found  (HILL  and ROBERTSON  1968; OHTA and 
KIMURA 1969)  that when effect of selection is ignored, 
the dynamics  of the linkage disequilibrium between two 
loci can be described by the  recurrence  equation D, = 
(1 - T )  [ l  - ( 2Ne)  "1 Dl-1.  The equations given by 
( 1.1 ) - ( 1.4) already account for the effect of recombi- 
nation assuming selection in an  infinite  population,  but 
the linkage disequilibrium was modified by a  factor [l 
- (2N, )  "1 as a partial adjustment  for finite population 
size. The effective population size Ne was approximated 
by 4 N m 4  ( N, + 4 ) - I ,  which is appropriate when there 
is no selection on a population with N, male and N, 
female parents with family sizes Poisson distributed. 
The use  of the  approximation in  this context is simply 
as a first-order correction. With the population sizes 
used in this study (see  later) the  approximation is ex- 
amined in the following numerical analyses and works 
well. 
Rate of gain using  the  deterministic  model  applied 
to  index  selection: In  the  present  model, strategies of 
selection on both  marker locus and QTL are entirely 
determined by the selection parameters sl, s2, hl and 
&. This section will focus on determination of these 
parameters from which genetic gain from optimizing 
improvement in the  population mean as  in LANDE and 
THOMPSON ( 1990) may be expected. 
The approach adopted by LANDE and THOMPSON, 
and its natural extension over multiple generations, was 
to use methods  appropriate for an infinite-loci model 
and to construct a selection index that was a linear 
combination of the phenotype and marker score (S) . 
The marker score was defined analogously to LANDE 
and THOMPSON ( 1990) as the sum of the additive  ef- 
fects associated with the marker loci: in the present 
context  the scores are SI = 2 D d / p ,  .!$ = Dd(  1 - 2 p )  / 
[ p (  1 - p )  ] and S, = -2Dd/  ( 1 - p )  for marker geno- 
types i = 1, 2 and 3 (these can be deduced from the 
APPENDIX ) . The index is  of the form I = b,S + bzZ. 
LANDE and THOMPSON (1990) showed that  the selec- 
tion index with b,&,' = ( 1 / h '  - 1 )  (1  - p ' )  -I would 
optimize the  rate of improvement in the mean pheno- 
type  of the selected trait, where p p  is the  proportion of 
the additive genetic variation explained by the  marker 
and h2 is the heritability of the QTL in the present 
context. The APPENDIX shows that p' = D'[ p ( 1 - p )  q(  1 
- q )  ] -' . This term p' is the  square of the correlation 
of the variates X ,  and X,  defined earlier. Therefore in 
this context, 
b~yb,' = ( l / P  - 1) 
X (1 - D 2 [ p ( l  - p ) q ( 1  - q)]pllpl. ( 2 )  
When h2 is small, this ratio is  very large with the index 
emphasizing the marker information.  Here  the genetic 
variation arises  only from the QTL; thus h' = 2q(  1 - 
q )  d2 .  The  index was scaled to give bz = 1, so the expres- 
sion in Equation 2 is the value  of by used  in the  index. 
The prediction of the genetic gain in terms of the 
deterministic model of Table 1 does require estimation 
of s1 , s,, hl and h. With a  population of infinite size 
and a  proportion 7r selected according to the  index,  the 
proportion of selected individuals with the genotypes i j  
at  the two loci is 7 r g  = Jj7r-'@( E ,  - T )  ,where is the 
standardized normal distribution function and T is a 
truncation point, E ,  is proportional to the expected 
value  of the  index for subclass ij and is given by EV = 
a3[bsb i ' S j  + G , ]  where is 2 (  1 - q )  d ,  (1 - 2q)  d 
and -2qdforj = 1 ,2  and 3, respectively. The truncation 
point T can be found numerically to satisfy 7r = E:=, 
x;=l Jj@( - T )  . Then  the  expected frequency of the 
allele A in the next generation is q1 = E:=, (7r i l  + 
I/*7rTTi2) and Aq = q1 - qo. The method of HILL (1969) 
was extended  to model selection from the  nine geno- 
types in order to examine the accuracy of this proce- 
dure in finite populations of the sizes considered here, 
and a very good agreement was obtained. 
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This result, however, used a fully parameterized 
model with  fitness coefficients derived for each individ- 
ual genotype and thus required 8 d.f. Table 1 on the 
other  hand is a model determined by only 4 d.f. ( i .e. ,  
the four selection parameters). The fit of this latter 
model and the resulting accuracy  were examined using 
weighted least squares. The relative fitness of each 
group ( 7rq f i ' )  were regressed upon  the frequency of 
M and  the frequency of A within the  group (2  d.f.) , 
which described the additive effects ( i.e., hl = & = 0.5) ,  
and  upon  a  further two variables describing dominance 
deviations at each locus ( 2  d.f.) . The fj were used as 
weights for the  nine observations in the regression anal- 
ysis, and the multiple regression was constrained so that 
the mean population fitness was 1. The algorithm and 
the  corresponding numerical subroutine to fit a regres- 
sion model using weighted least squares can be  found 
elsewhere (DRAPER and SMITH 1966,  p.  77ff; GENSTAT 
5 release 3, Chapter 8 ) .  
From these analyses the additive, dominance and re- 
sidual components of variance for fitness  were obtained 
and  the parameters sl, k ,  hl and were obtained from 
the regression coefficients. The regression coefficients 
were rescaled so that the { M M ,  A A ]  genotype had a 
fitness of 1 as in Table 1. The rate of gain was then 
predicted from the estimates of s and h for each locus 
using Equation 1.3. 
Predicting gain assuming an infinite-loci  model: 
LANDE and THOMPSON predict  that  the ratio of the rate 
of gain using index weights given by Equation 2 (de- 
noted by A&) and phenotypic selection (denoted 
by A Z T )  is given by 
A&,AZT1 = Jp2h-' + (1 - p 2 ) ' (  1 - h 2 p 2 ) " ,  
where p 2  is the  proportion of additive genetic variation 
explained by the markers. With the single QTL model 
but following LANDE and THOMPSON ( 1990), 
Aqr = q (  1 - 4) id ( 3 )  
A m  = AqrJP2h" + ( 1  - p 2 ) ' (  1 - h2 P ) - l ,  ( 4 )  
where AqT is the estimate obtained from the infinite- 
loci model in which the rate of gain in phenotypic selec- 
tion is predicted by ih2, where iis  the selection intensity. 
The implication of Equation 4 is that  the rate of prog- 
ress  with MAS and its  relative  efficiency depends solely 
on h 2 ,  p 2  and the intensity of selection. 
SIMULATION MODELS 
Index selection over one generation: For 11 schemes 
with parameters given in Table 2,  base populations were 
simulated using Monte-Carlo methods. These schemes 
represented changes in census number, selection inten- 
sity, marker and QTL allele frequencies and standard- 
ized gene effects ( d )  . Truncation selection was carried 
out  for  one  generation with two selection procedures: 
TABLE 2 
Parameters  defining  the 11 schemes  simulated for one 
generation of MAS 
Schemes N T p q r D  d 
1 100 0.1 0.5 0.5 0.1 0.2 1/4 
2 200 0.2 0.5 0.5 0.1 0.2 1/4 
3 200 0.1 0.5 0.5 0.1 0.2 1/4 
4 200 0.1 0.5 0.5 0.1 0.2 1/8 
5 200 0.1 0.5 0.5 0.1 0.1 1/4 
6 200 0.1 0.5 0.5 0.0 0.0 1/4 
7 200 0.1 0.5 0.5 0.5 0.2 1/4 
8 200 0.1 0.3 0.3 0.1 0.2 1/4 
9 200 0.1 0.7 0.7 0.1 0.2 1/4 
10 200 0.1 0.3 0.5 0.1 0.1 1/4 
11 200 0.1 0.5 0.3 0.1 0.1 1/4 
N, the  number of individual per sex before  selection; 7r is 
the selection proportion for each sex; p ,  q and r the gene 
frequencies of the M allele and the A allele  and  the  recombi- 
nation fraction between the marker and QTL, respectively; 
0, the  linkage  disequilibrium;  and d, the  standardized  additive 
effect of A. 
( i )  on phenotype alone ( i . e . ,  mass selection, bs = 0 
in the equation of index I ) ,  and (ii) on the index 
constructed with both phenotypic and  marker informa- 
tion using Equation 2 with the assumed values of p ,  q ,  
D and d. Genetic gain was assessed by Aq in the selected 
parents, which determines  the genetic gain in the  next 
generation assuming equal  contribution of parents to 
the unselected offspring. Each scheme was simulated 
200 times with each selection procedure. One excep 
tion was made to using Equation 2 in the indices and 
that was in scheme 6, in which the linkage disequilib- 
rium was zero but  the suboptimal index, I = S + Z was 
used. 
Evaluation of disequilibrium over multiple genera- 
tions: Further populations were simulated to examine 
the evolution of the linkage disequilibrium over  several 
generations of selection. The various combinations of 
gene frequencies, recombination rates and selection co- 
efficients were examined. The selection coefficients 
were assumed constant over  all generations. 
For a given set of simulated parameters, the base 
population was generated by random  union of the hap- 
loid genotypes at the marker locus and QTL whose 
frequency distribution was described in Table 1. Indi- 
vidual phenotype for  the quantitative trait was gener- 
ated from its corresponding genotypic value at  the QTL 
plus a  random  number  that was sampled from a  normal 
distribution with mean zero and  the residual variance 
that was the difference of phenotypic variance (as- 
sumed to be 1 )  and the genetic variance due to the 
QTL. The populations were of census size of 2Nin each 
generation before selection and were propagated using 
random mating of equal numbers of selected male and 
female parents ( n  of each sex, where n = TN with 
selection proportion 7r) , each pair producing full-sib 
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families with N / n  offspring of each sex. Selection of 
parents was mimic in accordance to the  procedure as 
follows: Let w,, represent  the fitness of the  ith individual 
with  sex x ( = rn or freferring  to male or female, respec- 
tively) at generation t - 1 defined as in Table 1 and 
w : ~  = xi=, w,./~~=~ w,k. The kth individual was selected 
if w:(k-, , < y 5 w:., where y is a realization of a  random 
variate uniformly distributed over [ 0, 11. This was re- 
peated  until  the  required  numbers of parents  had  been 
selected. The  “random walk” procedure  for  generating 
a  progeny  genotype  from two defined  parental geno- 
types accounting  for linkage between the loci  involved 
has been described elsewhere ( LUO and KEARSEY 
1989 ) . 
A characteristic of the simulations of one generation 
of MAS using indices was that the selectively favored 
allele at  the marker locus was  very quick to reach fixa- 
tion. To avoid the quick fixation of the favorable marker 
allele and  to investigate how the persistency of the link- 
age disequilibrium contributes  to  genetic gain of con- 
tinuous M A S ,  selection coefficients were assigned to 
be less than those arising from the single-generation 
simulations and, unless otherwise stated in the text, ( sl, 
s2) = (0.3, 0.1) or (0.6, 0.2) with hl = = 0.5. Two 
or five hundred replicates were carried out for each 
model depending  upon magnitude of standard  errors 
of means of the simulation replicates. 
NUMERICAL RESULTS 
Goodness of fit of the  two-loci  model: Table 3 shows 
the  proportions of the total genotypic variance for fit- 
ness that is attributable to additive, dominance  and re- 
sidual components of genetic variance. The size  of the 
residual component is a  measure of the goodness of fit 
of the  model  in Table 1,  and in these schemes this term 
always accounted  for 3% or less of the total variance. 
TABLE 3 
The  fitted  values for the selection  coefficients and  the 
additive  and  the  dominance  variations in the  fitness 
defining  the 11 different MAS schemes  using  linear 
indices  combining  phenotype  and  marker  score 
Scheme SI hl 52 h 2  Y4 v, 
1 0.887 1.01 0.047 0.97 0.67 0.33 
2 0.954 1.01 0.047 0.97 0.67 0.33 
3 0.877 1.01 0.114 0.99 0.67 0.33 
4 0.941 1.01 0.059 0.99 0.67 0.33 
5  0.904 1.02 0.112 0.86 0.65 0.33 
6 0.863 0.81 0.227 0.56 0.82 0.15 
7  0.887 1.01 0.114 0.99 0.67 0.33 
8 0.985 0.98 0.015 0.98 0.50 0.50 
9 0.913 1.01 0.095 0.93 1.00 0.00 
10  0.991 0.98 0.012 0.87 0.51 0.49 
1 1  0.805 1.03 0.203 0.81 0.65 0.33 
S I ,  hl,  sz and h2, selection coefficients; v,, additive variation; 
and V,,, dominance variation. 
This is indicative of a good fit using only additive and 
dominance in fitness. 
The selection coefficients obtained  (see  Table 3 )  in- 
dicated  that  the favorable marker  tended  to be recessive 
in  that only MM homozygotes had  a significant selective 
advantage. The proportional  contribution by the domi- 
nance component tended to vary inversely with the 
marker  gene  frequency, with little effect of variation in 
the  other parameters. In all  of the schemes the selection 
coefficient on  the marker locus was much  greater  than 
that  on  the QTL. It should be remembered  that  the fit 
depends on the genotypic frequencies, for example, in 
scheme  9  the fitness predicted by the model  for ( MMun) 
is close to 1 but its observed fitness was zero; however 
this genotype comprised only 0.0001 of the  population. 
Genetic  gain to one  generation  of MAS: Table 4 sum- 
marizes the simulated values  of Aq following one gener- 
ation of MAS and  their  expected responses using Equa- 
tions 1.3 and 4. It shows that the estimates from the 
model with only four selection coefficients accurately 
predicted  the changes in Aq and Ap (data  not shown ) 
found in the simulations. This is consistent with the 
good fit found in the previous section. However the 
predicted response based on  the infinite-loci model is 
usually higher than the observed response by simula- 
tion with a maximum overprediction of 96%  (scheme 
9 ) ,  and  underprediction also occurred with scheme 8 
by 18%. Schemes 8 and 9  are of particular  interest since 
the proportions of genetic variance explained by the 
marker and heritability were identical in the two 
schemes. However, the simulated genetic progress of 
scheme 8 was more  than twice that of scheme 9. This 
comparison shows that in finite-loci models the effec- 
tiveness  of MAS is not only a  function of h‘ and p‘ and 
that major discrepancies from this presumption can 
occur. 
In the indices for these schemes the marker score 
was the major component of the  index,  indicating  that 
the value attached to the disequilibrium and, as an ex- 
ample, 53% of genetic response of the  scheme with D 
= 0.2 was obtained if the value of D was halved (cf: 
schemes 3 us. 5 ) .  Comparison of schemes 1 and 3 
showed that  for these populations differences in census 
size made little impact  on  the progress obtained. 
Scheme  6 was included to examine  the  consequence of 
incorporating  marker  information while the loci  were 
in linkage equilibrium (D = 0.0) ; when b~y = bZ, Aq 
was reduced by 26% in comparison to the optimum 
response ( bS = 0, bZ > 0)  . This would  have been pre- 
dicted  from  the results of SALES and HILL (1967). 
The use of MAS with two loci was effective in main- 
taining progress with reduced selection intensity, and 
this was reflected in  the  predictions from Equation 1.3, 
but  the estimate based on  the infinite-loci model pre- 
dicted  a  proportional  reduction of 20% ( c f :  schemes 2 
and 3).  
Frequencies of the selectively  favorabIe alleles at  the 
1178 Z. W. Luo, R. Thompson  and J. A. Woolliams 
TABLE 4 
The expected change in gene  frequency of the  favorable  allele  at  the QTL 
following  one  generation  of  index  selection 
~ ~~ ~~ ___ ___~  ~~ 
Phenotypic  selection Marker  assisted  selection 
Predicted Predicted Predicted 
Equation Equation Equation 
Scheme  Simulated (3) Simulated (1.3) (4) 
1 0.101 0.110 0.408 0.420 0.498 
2 0.089 0.087 0.410 0.405 0.397 
3 0.112 0.110 0.412 0.420 0.498 
4  0.054 0.055 0.410 0.413 0.498 
5 0.112 0.110 0.234 0.250 0.265 
6  0.112 0.110 0.083 0.090 0.110 
7 0.112 0.110 0.414 0.420 0.498 
8 0.094 0.092 0.619 0.617 0.542 
9  0.094 0.092 0.276 0.293 0.542 
10 0.112 0.110 0.322 0.326 0.285 
11 0.094 0.092 0.260 0.261 0.259 
been  pooled  before  presentation. 
marker and QTL had a substantial effect on genetic 
response to M A S .  Comparison of response for schemes 
10 and 11 shows that  the  frequencies p and q were not 
interchangeable  in  determining  the response. In these 
two schemes the efficiencies of MAS relative to pheno- 
typic selection predicted by LANDE and THOMPSON were 
2.59 and 2.81, respectively. The observed ranking of 
efficiencies was, in fact, reversed with ratios 2.88 
and 2.78. 
Evolution of linkage disequilibrium: Sustaining the 
contribution of a  marker locus to genetic response will 
depend  upon  the maintenance of linked disequilibrium 
between the  marker locus and  the QTL under selection, 
recombination and genetic drift. Figure 1 shows the 
predicted and  the simulated dynamics of linkage dis- 
equilibrium for a range of initial conditions. The re- 
cursive  use of the deterministic model ( Equations 1.1 - 
1.4) with the  adjustment  for  the finite population size 
with the initial conditions  predicted  the dynamics of D 
averaged over simulation replicates very well. Linkage 
disequilibrium decreased  in all schemes after the first 
selected generation. Only a few generations of selection 
were  necessary to  exhaust nearly all the disequilibrium; 
however, the  rate of the  reduction was different  among 
the  different selection schemes. 
The results from Figure l a  show the effects  of  varying 
the  parameter values  of p and q: as the favorable marker 
and QTL allele frequencies increase, the disequilibrium 
decays faster. An approximate assessment of the  rate  of 
decays can be obtained by regressing log,( D,) on  the 
generation number and expressing the rate as 1 - 
exp ( b )  , where b is the slope of the regression. If there 
is no selection, this rate of  decays  is equal to the recom- 
bination fraction r. For p = q = 0.3, 0.5, 0.7, the esti- 
Aq, change in gene frequency.  The  number of replicates in the simulation  were 200 for each scheme of 
MAS and phenotypic  selection.  Standard errors of the  simulated means averaged over 200 replicates ranged 
from 0.006 to 0.010. Simulations for schemes that are genetically equivalent for phenotypic selection have 
mated rates of  decays under MAS were 0.129,0.185 and 
0.224,  respectively for  a  recombination fraction of 0.1. 
Thus with selection coefficients of ( sl, s2) = (0.3, 0.1 ) 
and high gene frequency, the decay in D was more  than 
twice the recombination  rate. Figure l b  shows that  the 
effect of increasing allele frequency  in Figure l a  is per- 
haps due  more to the value  of p ,  the frequency of the 
favorable marker allele, than q the favorable QTL allele. 
The selection intensities at  both  the  marker  and QTL 
had  a  strong effect on decay  of the disequilibrium as 
shown in Figure IC. When r = 0.1, the observed decays 
were 0.186 and 0.371 for selection coefficients (0.3, 
0.1) and  (0.6,  0.2), respectively. 
When the favorable marker and QTL alleles were 
recessive in fitness ( h ,  = = 1) , as found in Table 2, 
the  decline in D was similar to the additive case  initially 
but  the  decline became approximately linear (see Fig- 
ure Id)  and more  rapid in the  later  generations. The 
lowest rate of decline observed in  the cases studied was 
for additive alleles. When r = 0.5, the measure of decay 
in disequilibrium was also 0.5, as expected  whether or 
not  there is selection. 
Relative  efficiency  and  accumulated  genetic  gain  over 
multiple  generations: Figure 2  presents  theoretical and 
simulated efficiencies of MAS ( i . e . ,  relative rate of gain 
of MAS over that for phenotypic selection) over 10 
generations  for  the same schemes as those considered 
in Figure 1. It  should be noted  that these curves demon- 
strate not only changes  in efficiency due to linkage dis- 
equilibrium,  but also separate  but  related  changes 
brought  about  through changes in q. As q increases to 
0.5, genetic variance increases. However, when q in- 
creases beyond 0.5 the genetic variance decreases again. 
The response to both MAS and phenotypic selection 
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FIGURE 1.-Expected  linkage  disequilibrium under  continuous  marker-assisted  selection,  which  were  predicted  from  theoreti- 
cal approximation (solid symbols and curves), and the corresponding simulated values (open symbols and dashed curves), 
which  were  averaged  from 200 replicates,  for  different  selection  schemes, where N, T ;  r; p ,  q; hl , b; sl, %; and D are as follows: 
census population size of each sex;  selection  proportion;  recombination  frequency;  gene  frequencies  at  the  marker  and  the 
QTL, respectively; selection coefficients at the marker and QTL, respectively; and the disequilibrium coefficient between the 
marker locus and QTL, respectively. In these schemes N = 500; T = 10%; r = 0.1; p = q = 0.5; h, = = 0.5; sl:s2 = 0.3:O.l; 
and D = 0.2, unless  otherwise  indicated. 
will reflect this pattern individually, but  the differential 
response  in the two schemes means  that after the first 
generation the two selection procedures, when com- 
pared  at a given generation, were operating  under dif- 
ferent conditions. This complicates interpretation of 
underlying factors affecting the dynamic change  in  the 
efficiency  of MAS over several generations.  To avoid this 
complexity and  to explore  contribution of remaining 
disequilibrium to continuous response of M A S ,  accu- 
mulated  genetic gains after 10 generations of MAS in 
these schemes were predicted  from  the theoretical 
Equations 1 and were listed in Table 5 together with 
their  corresponding  simulated means. 
It can be seen that theoretical analyses adequately 
predict  the  simulated dynamics of the efficiencies (Fig- 
ure 2 ) and  the simulated  genetic gain accumulated over 
10 generations of MAS (Table 5 ) .  It is clear from  the 
figures that  the efficiency  of MAS declines more linearly 
than  the linkage disequilibrium. The schemes in which 
the linkage disequilibrium is more persistent are not 
necessarily more efficient in the  long term as defined 
here. This is due to the fact that the dynamics were 
driven by the two different selection procedures as  ex- 
plained above. 
For p = q (Figure  2a) MAS was more efficient and 
the  accumulated gain was much  larger when favorable 
allele was at lower frequency,  in  agreement with the 
persistence of the linkage disequilibrium. However, 
when the  scheme with p = 0.3 and q = 0.5 is compared 
to that with p = 0.5 and q = 0.3, the differentiation 
in persistence of D (see Figure 2b) made no clear 
difference to the  generation by generation efficiency 
in the  long  term. Both the schemes  had the same ini- 
tial  value  of p 2 ,  but  the  accumulated responses over 10 
generations were 0.26 and 0.21 for  these two schemes, 
respectively, suggesting that  the scheme with the  more 
persistent disequilibrium ( p  = 0.3, q = 0.5) would 
achieve a greater response. Free recombination be- 
tween the marker locus and the QTL ( r = 0.5) de- 
stroyed the disequilibrium quickly and thus the re- 
sponse to continuous M A S .  Moreover, stronger selec- 
tion on both the marker locus and QTL ( sl:s2 = 
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FIGURE 2.-Theoretical predictions of efficiency of continuous marker assisted selection  (solid symbols and curves) and  the 
corresponding simulated values (open symbols and dashed curves), which were averaged from 1000 replicates, for different 
selection  schemes,  where N K ;  r; p ,  q; hl,  b; and s, , s2 are as follows: census population size of each sex; selection strength; 
recombination  frequency; gene frequencies at  the  marker  and  the QTL, respectively; and selection coefficients at  the marker 
and QTL, respectively. In these schemes N = 500; 7r = 10%; r = 0.1; p = q = 0.5; hl = h2 = 0.5; and sl:% = 0.3:0.1, unless 
otherwise indicated. 
0.6:0.3) had also yielded a quick exhaustion in the 
disequilibrium and  further using marker  information 
in this scheme  had lowered the response compared to 
phenotypic selection. However, a large genetic gain 
had  accumulated during  the consecutively strong 
MAS. Although decline in the disequilibrium was 
slowed  down as degrees of dominance in the selection 
coefficients ( hl and & )  decreased (Figure Id ) the 
long-term efficiency and  the accumulated  genetic gain 
increased with increasing  the  dominance  (Figure 2d) . 
This reflects difference in the efficient use of the 
marker  information among these schemes. 
DISCUSSION 
Many studies have been devoted to  predicting genetic 
response of a quantitative trait to MAS (SMITH 1967; 
STAM 1986; LANDE and THOMPSON 1990; ZHANC and 
SMITH 1992).  The predictions were  usually made while 
assuming that  both individual phenotypic value of the 
trait and selection index, which combines the  pheno- 
type  of the trait and marker information,  are normally 
distributed (for example, LANDE and THOMPSON 
1990) . The normality assumption requires that the 
quantitative genetic variation be under control of an 
infinite number of loci ( BULMER 1980) . The use of this 
assumption has led to avoidance of the sophistications 
involved  in modeling the relationship between changes 
in allelic frequencies at both the markers and QTLs 
due to selection and the linkage disequilibria among 
the marker loci and QTLs, which are central driving 
factors in determining  the  amount of marker informa- 
tion usable for the M A S .  In theory, it has been  argued 
that only those QTLs with substantially detectable ef- 
fects and closely  associated  with marker loci may con- 
tribute to genetic gains from MAS ( LANDE and THOMP- 
SON 1990). Moreover, recent  data from plant and ani- 
mal experiments indicated that a substantially large 
proportion of quantitative genetic variation could be 
explained by segregation at only a few marker loci and 
caused by a finite number of individual QTLs or DNA 
segments ( PATERSON et aZ. 1988; ANDERSON et al. 1994; 
LAI et aZ. 1994). In light of these facts, the  computer 
simulation study by GIMELFARB  and LANDE (1994) in- 
vestigated the robustness of theoretical prediction of 
genetic response to MAS proposed by LANDE and 
THOMPSON when a few QTLs were considered.  Their 
simulations confirmed substantial extra genetic gain 
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TABLE 5 
Theoretical  predictions of accumulated  genetic  gains  after 10 generations of marker-assisted  selection  and  their 
corresponding  simulation  means  for  the 10 different  schemes 
Schemes P 4 r SI s2 hl h2 D Agio A q1o 
1 0.5 0.5 0.1 0.3 0.1 0.5 0.5 0.2 0.303 0.301 
2 0.3 0.3 0.1 0.3 0.1 0.5 0.5 0.2 0.408 0.405 
3 0.7 0.7 0.1 0.3 0.1 0.5 0.5 0.2 0.212 0.212 
4 0.5 0.5 0.1 0.3 0.1 0.5 0.5 0.1 0.225 0.223 
5 0.3 0.5 0.1 0.3 0.1 0.5 0.5 0.1  0.261 0.257 
6 0.5 0.3 0.1 0.3 0.1 0.5 0.5 0.1  0.241 0.239 
7 0.5 0.5 0.5 0.3 0.1 0.5 0.5 0.2 0.203 0.200 
8 0.5 0.5 0.1 0.6 0.2 0.5 0.5 0.2 0.432 0.430 
9 0.5 0.5 0.1 0.3 0.1 0.0  0.0 0.2 0.223 0.221 
10 0.5 0.5 0.1 0.3 0.1 1 .o 1.0 0.2  0.385 0.381 
The  standard errors of these  simulated  means  for 500 replicates arranged from 0.003 to 0.005. p ,  r, sl, s2;  hl , h2; and D are 
as follows: allelic frequencies at the marker and QTL, respectively; recombination fraction between the two loci; selection 
coefficients at the two loci; and the  coefficient of linkage  disequilibrium  between  the  marker  locus and QTL,  respectively; Aql0, 
accumulated  genetic  gains  after 10 generations of marker-assisted selection; A@,, simulation  means for genetic gains after 10 
generations. 
yielded using MAS over traditional  phenotypic selection 
and revealed substantial bias in the theoretical predic- 
tion based on  the infinite-loci model. This demonstrates 
that MAS theory as a whole is far  from conclusive and 
that  a  better  understanding of the  genetic  properties 
of MAS needs  theoretical studies under a finite-loci as- 
sumption. The  present study made  a primary effort in 
this attempt  and considered  a simple case  of the finite- 
loci MAS model  that involved  only a single marker locus 
and QTL. We hope that this will initiate development 
of more sophisticated models taking multiple markers 
and QTLs into  account. However, analyzing these multi- 
ple-loci models will not be easy inasmuch as theoretical 
analysis  of linkage disequilibria involving three diallelic 
marker loci has been proved to be very complicated 
( BROWN 1975 ) . 
The efficiency  of MAS was compared to a traditional 
phenotypic selection scheme by deriving the change in 
frequency of the favorable allele at a QTL in the  present 
study using a population genetics model. The model 
was extended to more  than  one generation of selection 
and its parameterization gives insight into  the factors 
affecting the efficiency  of MAS in both  the  short  and 
long terms. The model  presented here differs from  oth- 
ers in several different aspects. The two-loci models of 
MAYNARD-SMITH and HAIGH ( 1974)  and OHTA and KI- 
MURA (1975) assumed one of the loci selectively neu- 
tral. The model of SMITH (1967) and STAM (1986) 
considered only one generation of selection using a 
single marker, which was also the QTL. EWENS (1979) 
studied  a similar model,  but  did not derive Equations 
1.1 - 1.4. Also he  did  not apply the  model to the specific 
context of M A S .  LANDE and THOMPSON (1990) con- 
structed general statistical prediction of genetic re- 
sponse to a single generation of MAS but they made 
no effort to investigate more detailed genetic aspects 
of the selection scheme. The extension to multiple gen- 
erations  requires  the  modeling of the evolution of link- 
age disequilibrium attempted  here. 
The  present study ( i ) has developed a two-loci popu- 
lation genetics model under which MAS based on indi- 
ces of a  marker locus and a QTL underlying a  quantita- 
tive trait can be appropriately  described; (ii ) has  shown 
that  genetic response predicted from the two-loci 
model differs from  that by using the formulas of LANDE 
and THOMPSON (1990) ; and (iii) has examined the 
factors that affects the dissipation of linkage disequilib- 
rium during directional selection on  the marker and 
QTL compared  to  the situation where there is no selec- 
tion. 
The system  of Equations 1.1 - 1.4, derived from theo- 
retically analyzing the  genetic  model of Table 1, gave 
accurate predictions, over one  generation, of change 
in gene frequency at  the QTL and  at  the marker, and 
the linkage disequilibrium (Figure 1 ) . The selection 
coefficients required for applying Equations 1.1 - 1.4 
were calculated using numerical  methods as described 
in the study. The accuracy of the  one  generation predic- 
tions of the  genetic  parameters  for describing the MAS 
model suggests that  a recursive procedure, Le., estima- 
tion generation by generation based on these equations 
and methods, would  also prove accurate  for several gen- 
erations. 
When the  general  idea of calculating genetic prog- 
ress in LANDE and THOMPSON (1990) was applied to 
the two-loci model presented here, the factors in de- 
termining the efficiency of MAS became to be easily 
elucidated.  It is shown in  the  present study that  in addi- 
tion to the proportion of marker-associated additive 
genetic variance and heritability of the trait under selec- 
tion,  frequencies of the selectively favorable marker and 
QTL alleles play an  important role in determining  the 
efficiency in  both  the  short  and  long terms. For a given 
proportion  and heritability, our study showed that  an 
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increase in the efficiency can be expected when both 
the frequencies p and q are low. This is not because 
the favorable QTL allele is more  frequent within the 
chromosomes carrying the favorable marker allele 
when p and q are low. Indeed,  a comparison between 
schemes 8 and  9 in Table 4 indicates that  the frequency 
of the QTL allele among the chromosomes bearing 
the selectively  favorable marker allele is greater for the 
scheme 9, in which a lower genetic progress was ob- 
served. 
The discrepancies in prediction of the selection 
response  between of the two-loci model  described by 
Equations 1.1 - 1.4 and LANDE and THOMPSON’S Equa- 
tion 4 in the  present  notation may be  explained by 
comparing the scheme 8 to the scheme 9. MAS in 
these two schemes has been sufficient to bring the 
favorable QTL allele close to fixation (the allele  fre- 
quencies  reached 0.917 and 0.993 in  the two schemes, 
respectively; Table 4 ) .  This  illustrates  a  nonlinearity 
between selection progress and selection progress 
that arose  from the fixation of the QTL allele,  thereby 
introducing an upper bound to selection progress. 
This  nonlinearity  can also be  seen in the schemes 3 
and 4 illustrated  in  Table 4. However, the  approach of 
LANDE and  THOMPSON ( 1990) was based on normal 
distribution  theory of the  trait  phenotype  under ques- 
tion and selection  index, which is justified by the in- 
finite-loci genetic  control of the trait. Under  the infi- 
nite  genetic  model,  a  linearity  holds between selec- 
tion  intensity and selection  progress as illustrated in 
the  corresponding  numerical results in  Table 4 and as 
expected  from  the classic theory (FALCONER  1989). 
Therefore  it is to  be  expected  that  the gain from MAS 
for  a  trait  affected by a small number of QTLs with 
detectably  large size of effects will not be  accurately 
predicted by such  a  linear  model.  This study confirms 
this to be  the case. It must be  pointed  out  that  the 
comparison between the  present two-loci model and 
the infinite-loci model may be  regarded  unfair  in  the 
sense that  he  general  approach of LANDE and 
THOMPSON (1990) is being applied beyond the cir- 
cumstance  for which it was developed. However, such 
a  comparison at least indicates that  further research 
efforts must be  paid to derive more realistic predic- 
tions of genetic  progress  from MAS before  the  theory 
can be  used. 
Other attempts to solve the dynamics of linkage 
disequilibrium between two linked loci under direc- 
tional  selection  in  a finite population have problems 
to obtain  a  formal  solution of a  group of multidimen- 
sional diffusion equations (for example, in HILL and 
ROBERTSON 1966). OHTA and KIMURA (1969) sug- 
gested an approximate method using the Kolmo- 
gorov backward equation to  overcome this difficulty 
but  their  approach is not  appropriate when selection 
on  the two loci is strong because the linkage disequi- 
librium is no  longer  a  linear  function of the variables 
of the  model.  The  model developed in the present 
study was able  to  predict accurately the  evolution of 
linkage disequilibrium between a  marker locus and 
QTL under  selection,  recombination  and  random ge- 
netic drift over several generations.  This provides a 
basis for  predicting  response  for  more  than  one  gen- 
eration of MAS. The  numerical analyses showed that 
the dissipation of linkage disequilibrium depended 
on intensity of selection,  recombination  rate  and al- 
lele  frequencies  at  both  the  marker  and  QTL when 
the  other  parameters were fixed. The effect of selec- 
tion  intensity on  the  rate of the dissipation is found 
to be associated with frequencies of the selectively 
favored marker and QTL alleles. A better mainte- 
nance of the disequilibrium with  low frequencies of 
the alleles has an advantage for a longer persistent 
response to MAS. A strong selection on both the 
marker and QTL is sufficient to  bring  the loci to be 
in  linkage  equilibrium very quickly. 
The present study has  been  focused on modeling 
linkage  disequilibrium  between  a polymorphic 
marker locus and a  single QTL. This gives some in- 
sight about the potential and limitation of using 
marker  information  to  improve  selection  response of 
a  quantitative  trait. To use of map  information effi- 
ciently in MAS, it is necessary to extend  the  present 
model  to  multiple  markers and QTLs. However, the 
question  remains on how can the multilocus  linkage 
disequilibria be  modeled in MAS schemes and what 
is the most efficient strategy to relate the multidimen- 
sional linkage disequilibria among the marker loci 
and QTLs to genetic  progress of MAS. We hope  the 
present model and analysis will provide basis for a 
multilocus analysis and serve as an  important building 
block for our  understanding of the dynamic system 
under MAS. 
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APPENDIX 
Following FALCONER ( 1989), the average additive ge- 
netic effects of the haplotype are given  as  follows: 
Average 
Marker Allele QTL Allele Frequency effect 
By definition of the above average effects: pA + (1 - 
q ) a , = O a n d p Q +  (1 - p ) R =  q,so 
p [ @ A  + (1 - 4)aaI + (1  - p )  
x [ & A  + (1  - R)a,]  = 0. 
Therefore  the average effects of the marker alleles are 
for M and m, respectively. These average effects can be 
simplified into D d / p  and - Dd/ (1 - p )  , respectively, 
by using the relationships Q = q + D / p  and R = q - 
D /  (1 - p )  . Thus,  the additive genetic variance at  the 
marker locus is 
given by [ @ A  + (1 - @sal and [ & A  + (1 - R)aal 
a$= 2p[@A + (1 - Q ) d  + 2 ( 1  - p )  
x [&A + (1 - R)a,]2 
= 2 D 2 [ p (  1 - p )  ] - l d 2  
= m p ( 1  - p )  q(1 - q )  1 " d ,  (AI )  
= 2D2d2[p"  + (1 - p ) " ]  
where D is the coefficient of linkage disequilibrium be- 
tween the marker and QTL. Thus the variance attribut- 
able to the  marker is p2a:, where p is the  correlation 
between the  marker locus and  the QTL in  the popula- 
tion since D is the covariance between the two loci, and 
p ( 1 - p )  and q ( 1 - q )  are  the  corresponding variances. 
The expression includes as a special case the value (1 
- 2r)  given by DEKKERS and DENTINE ( 1991 ) for p = 
q = 1 / 2 for disequilibrium arising from hybridization 
since in that case D = 1 / 4 (  1 - 2 r ) .  
